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Abstract. In this paper we obtain several curvature properties of the twistor 
and reflector spaces of a paraquaternionic Kahler manifold and prove the exis- 
tence of both positive and negative mixed 3-Sasakian structures in a principal 
50(2, l)-bundlc over a paraquaternionic Kahler manifold. 
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1. Introduction 

I 

An almost paraquaternionic structure on a smooth manifold M is a rank 3- 
subbundle of End(TM) which is locally spanned by two almost product structures 
\N I and one almost complex structure which satisfy relations of anti-commutation. Un- 

der certain conditions on the holonomy group of a metric adapted to such a struc- 
vQ \ ture, one arrives to the concept of paraquaternionic Kahler manifold. If M is a 

^S| ■ manifold endowed with an almost paraquaternionic structure, then two kinds of 

lO \ unit pseudo-sphere bundle can be considered [1]: the twistor space Z~{M) of M 

^-^ • (the unit pseudo-sphere bundle with fibre the 2-sheeted hyperboloid Sl{~l)) and 

C^ \ the reflector space Z^ (M) of M (the unit pseudo-sphere bundle with fibre the 1- 

sheeted hyperboloid 5*^(1)). These spaces of great importance in theoretical physics 
(see e.g. [H |3]) have been studied recently by several authors [H [51 [SI [Zl IHl [SI [ID]- 
We note that if M is a paraquaternionic Kahler manifold, then the twistor space 
Z~{M) admits two canonical almost complex structures Ji and I2 {Ii integrable 
in dimension greater than 4, I2 never integrable) and the reflector space Z+(M) 
C^ I admits two canonical almost para-complex structures Pi and P2 (Pi integrable in 

dimension greater than 4, P2 never integrable). Moreover, both Z~^{M) and Z~{M) 
carries a natural 1-parameter family of pseudo-Riemannian metrics ht, t ^ 0, such 
that the canonical projection 7r± : Z^{M) — >• M is a pseudo-Riemannian sub- 
mersion [4]. After giving some introductory results, in Section 2, we study the 
twistor and reflector spaces of a paraquaternionic Kahler manifold M and the al- 
most pseudo-Hermitian geometry of {Z~{M),Ii,ht) and {Z'^{M),Pi,ht), i = 1,2. 
In Section 3 we give explicit formulas of the pseudo-Riemannian curvature tensors 
of ht in terms of the curvature of M and study its properties in details. In partic- 
ular, we determine the affiliation to Gray and para-Gray classes of {Z~{M),Ii, ht) 
and {Z+{M),P„ht),i^ 1,2. 
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2 G.E. VILCU, R.C. VOICU 

On the other hand, the counterpart in odd dimension of a paraquaternionic 
structure was introduced in 111. It is cahed a mixed 3-structure, and appears 
in a natural way on hghthke hypersurfaces in paraquaternionic Kahler manifolds. 
Such hypersurfaces inherit two almost paracontact structures and an almost contact 
structure, satisfying analogous conditions to those satisfied by almost contact 3- 
structures [12]. This concept has been refined in [T3], where the authors have 
introduced positive and negative metric mixed 3-structures. 

W.M. Boothby and H.C. Wang gave in [14; a fibering of a compact manifold M 
with a regular contact structure as a principal bundle over a symplectic manifold M' 
with 1-dimensional toroidal group A. Associating a Riemannian metric g' with the 
symplectic structure, M' is an almost Kahlerian manifold and consequently M is a 
contact metric one. Y. Hatakeyama proved in '15' that there exists a circle bundle 
over an almost complex manifold that admits a normal contact metric structure. 
Moreover, K. Sakamoto was proved in |16| that every quaternionic Kahler man- 
ifold admits a principal bundle P over it, whose structure group is S0(3), while 
Konishi |17) constructed a Sasakian 3-structure in P, which is canonically associ- 
ated with a given quaternion Kahler structure of positive scalar curvature. It can 
be easily checked that the Sakamoto's construction remains valid if we consider a 
paraquaternionic Kahler manifold, but now the structure group is S0(2, 1). The 
main purpose of the last Section is to prove that the principal bundle associated 
with a paraquaternionic Kahler manifold (A/, a, g) admits both a positive and a 
negative mixed 3-Sasakian structure, provided that M is of non-zero scalar curva- 
ture. Moreover, we investigate the existence of non-trivial Einstein metrics in the 
canonical variation of a pseudo-Riemannian submersion which projects a metric 
mixed 3-contact structure onto a paraquaternionic Kahler structure. 

2. Preliminaries 

Let H be the algebra of paraquaternions and identify H" = M*". It is well known 
that H is a real Clifford algebras with H = C(l, 1) = C(0, 2). In fact H is generated 
by the unity 1 and generators Jj*, J2 , J3 satisfying the paraquaternionic identities 

(1) (J0)2 = (J0)2 = -(J0)2 = 1^ JO JO ^ _jOjO ^ jO_ 

We assume that H acts on H" by right multiplication and use the convention 
that S0(2n, 2n) acts on H" on the left. 

An almost product structure on a smooth manifold M is a tensor field P of type 
(1,1) on M, P ^ ±Id, such that P^ — Id, where Id is the identity tensor field of 
type (1, 1) on M. The pair (M, P) is called an almost product manifold. An almost 
para-complex manifold is an almost product manifold {M, P) such that the two 
eigenbundles T^M and T~M associated with the two eigenvalues -1-1 and —1 of P, 
respectively, have the same rank. Equivalently, a splitting of the tangent bundle 
TM of a differentiable manifold Af , into the Whitney sum of two subbundles TM 
of the same fiber dimension is called an almost para-complex structure on M. 

An almost para-Hermitian structure on a smooth manifold M is a pair {g,P), 
where 5 is a pseudo-Riemannian metric on M and P is an almost product structure 
on M, which is compatible with g, i.e. P*g — —g. In this case, the triple {M,g,P) 
is called an almost para-Hermitian manifold. Moreover, {M,g,P) is said to be a 
para-Hermitian manifold if P is integrable, i.e. if the Nijenhuis Np defined by 

Np{X, Y) = [PX, PY] - P[X, PY] - P[PX, Y] + [X, Y] 
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vanishes. An almost complex structure on a smooth manifold M is a tensor field J of 
type (1, 1) on A/ such that J^ = —Id. The pair (M, J) is called an almost complex 
manifold. We note that the dimension of an almost (para-)coniplex manifold is 
necessarily even (see [T81IT9] ). 

An almost pseudo-Hermitian structure on a smooth manifold M is a pair (g, J), 
where g is a pseudo-Riemannian metric on M and J is an almost complex structure 
on M, which is compatible with g, i.e. J*g = g. In this case, the triple {M,g, J) 
is called an almost pseudo-Hermitian manifold. Moreover, {M,g,J) is said to be 
pseudo-Hermitian if J is integrable, i.e. if the Nijenhuis Nj defined by 

Nj{X, Y) = [JX, JY] - J[X, JY] - J[JX, Y] - [X, Y] 

vanishes. 

An almost para-hypercomplex structure on a smooth manifold M is a triple H = 
( Ji, J2, J3) of (1, l)-type tensor fields on M satisfying: 

(2) J^ = — TqM, JaJfl — —JpJa — T^J-n 

for any a G {1,2,3} and for any even permutation (q;,/3,7) of (1,2,3), where 
Ti — T2 — —1 — ^Ty,. In this case (M, H) is said to be an almost para-hypercomplex 
manifold. We remark that from ([2]) it follows that Ji and J2 are almost product 
structures on M, while J3 = J1J2 is an almost complex structure on M . We note 
that the almost para-hypercomplex structures have been introduced in geometry 
by P. Libermann [20] under the name of quaternionic structures of second kind 
{structures presque quaternioniennes de deuxieme espece). 

A semi-Riemannian metric g on (M, H) is said to be compatible or adapted to 
the almost para-hypercomplex structure H — {Ja)a=i,2,3 if it satisfies: 

g{J^X, J^Y) = T^g{X, Y) 

for all vector fields X,Y on Af and a € {1,2,3}. Moreover, the pair {g,H) is 
called an almost para-hyperhermitian structure on M and the triple (Af , g, H) is 
said to be an almost para-hyperhermitian manifold. We note that any almost para- 
hyperhermitian manifold is of dimension 4?n, ?7i > 1, and any adapted metric is 
necessarily of neutral signature (2?7i, 2m). If { Ji, J2, J^} are parallel with respect 
to the Levi-Civita connection of g, then the manifold is called para-hyper- Kdhler. 

An almost para-hypercomplex manifold (Af , H) is called a para-hypercomplex 
manifold if each Ja, a — 1,2,3, is integrable. In this case H is said to be a 
para-hypercomplex structure on M. Moreover, if 17 is a semi-Riemannian metric 
adapted to the para-hypercomplex structure H, then the pair (g, H) is said to be a 
para-hyperhermitian structure on M and (M, g, H) is called a para-hyperhermitian 
manifold. 

An almost paraquaternionic Hermitian manifold is a triple {M, a, g) , where M is 
a smooth manifold, a is an almost paraquaternionic structure on M, i.e. a rank 3- 
subbundle of End(T M) which is locally spanned by an almost para-hypercomplex 
structure H = {Ja)a=i.2,3 and g is a compatible metric with respect to H. We 
remark that, if { Ji, J2, J3} and {^1, ^21 "^3} are two canonical local bases of tr in C/ 
and in another coordinate neighborhood U' of M, then we have for all x ^ U D U' 

3 

(3) (j;)^ = ^s„^(x)(j;j)^, a = l,2,3. 
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where Suu'{x) = (■Sa/3(x))^^^^^ 2,3 ^ S0(2, 1), because {Ji, J2, J3} and {J{, J2, J3} 
satisfy the paraquaternionic identities ([2]) . 

If (M, cr, (7) is an almost paraquaternionic Hermitian manifold such that the bun- 
dle a is preserved by the Levi-Civita connection V of g, then (M, a, g) is said to be 
a paraquaternionic Kdhler manifold [21j . Equivalently, we can write 

(4) V Jq = T^W^ ® Jp — T^fOJp ® J-y, 

where (a, /3, 7) is an even permutation of (1, 2, 3) and wi, a;2, W3 are locally defined 
1-forms. We note that the prototype of paraquaternionic Kahler manifold is the 
paraquaternionic projective space P"(H) as described by Blazic |22) . 

If the Riemannian curvature tensor R is taken with the sign convention 

R{X, Y)Z = Vx^yZ - Vy^xZ - y[x,Y]Z, 

for all vector fields X, Y, Z on M, then a consequence of ^ is that R satisfies 

(5) [R, Ja] = TpA-y <Sl Jp - T-yA/S <Si Jj, 

for any even permutation {a, {3, 7) of (1, 2, 3), where 

Aa = du!a + TalUp A W^. 

If we consider fi^ := g{Ja,') the fundamental form associated with J„, a = 
1,2,3, then we have the following structure equations (see (HE]): 

(6) duia + TaUJp /\UJ~f — TaVfla, 

for any even permutation (a,/3,7) of (1,2,3), where i^ = . , _^2) ^^ ^^^ reduced 
scalar curvature, Sc being the scalar curvature defined as the trace of the Ricci 
tensor p. 

We recall that the main property of manifolds endowed with this kind of structure 
is the following. 

Theorem 2.1. 21 Any paraquaternionic Kdhler manifold {M,a,g) is an Einstein 
space, provided that dimM > 4. 

Let (M, (T, g) be a 4r7,-dimensional paraquaternionic Kahler manifold. Then the 
Ricci 2-forms of the Levi-Civita connection of g are defined as (see [I]): 

Pc,{X, Y) = -yTrace(Z -^ JaR{X, Y)Z), a = 1, 2, 3, 

and for n > 1 it follows 

n + 2 

(7) p{X, Y) p^{X, J^Y), a = 1, 2, 3. 

n 



Using now Theorem 12. II we obtain the following relations 

Sc 

(8) pa{X,Y) = ~T^ g{X,J^Y), a = 1,2, 3. 

4(n -I- 2) 
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On the other hand, from ([5]) and (O and taking account of Theorem 12.11 '^e 
obtain that the curvature tensor of a 4n-dimensional paraquaternionic Kahler man- 
ifold (n > 1), satisfies (see |21)): 

R{X, Y, JiZ, JiT) + R{X, y, Z, T) 

= A ( ^oM X, hy)g{Z, -hT) - g{X, J2Y)giZ, J,T)} 
4n(n-l- 2) 

R{X, Y, J2Z, J2T) + R{X, Y, Z, T) 

(9) = 4n(f+2) ^-^^^' "^3^)-9(^' ^3^) - 9{X, JiY)g{Z, J,T)} 
R{X, Y, J3Z, J3T) - R{X, Y, Z, T) 

Sc 
= TT—VMX, J2Y)giZ, J2T) + 5(X, .hY)g{Z, J,T)}, 
4n(n + 2) 

for ah vector fields X, Y, Z and T on M, where i?(X, Y, Z, T) = giR{X, Y)Z, T). 

We consider now the general case of a 4n-dimensional smooth manifold M en- 
dowed with an almost paraquaternionic structure a and with a paraquaternionic 
connection V, i.e. a linear connection which preserves a, and following [1] we recall 
some basic facts concerning the twistor and reflector spaces of M , which will be 
useful in the next Section. 

Let p € M . Any linear frame u on TpM can be considered as an isomorphism 
u : M^" -^ TpM. Taking such a frame u we can define a subspace of of the space 
of the all endomorphisms of TpM by m(sp(1,M))m~^. This subset is a paraquater- 
nionic structure and we define P{M) to be the set of all linear frames u which 
satisfy m(sp(1,K))m~^ = a, where sp(l,M) = Span{J°, 7° , J3} is the Lie algebra of 
Sp(l,K.). It is clear that P{M) is the principal frame bundle of M with structure 
group GL(7i,H)Sp(l,R), where 

GL(n,H) = {A e GL(4n,R)|A(sp(l,R))A~i = sp(l,R)}. 

We denote by tt : P{M) — >► M the natural projection and remark that the Lie 
algebra of GL(n,]HI) is 

gl(n,H) = {A e gl(4n,M)|AB = BA for aU B e sp(l,]R)}. 

We also denote by ( , ) the inner product in gl(4n, R) given by {A, B) = 
Trace(AB*), for A,B ^ gl(4n,R). 

We split now the curvature of V into gl(n, ]HI)-valued part R' and sp(l, M)-valued 
part R" following the classical scheme (see e.g. [23|). We denote the splitting of the 
gl(ri,H) ® sp(l,R)-valued curvature 2-form Q, on P{M) according to the splitting 
of the curvature i?, by 

(10) Vl^Vt' + Q.", 

where Vl' is a gl(n, IHI)-valued 2-form and Vi" is a sp(l,R)-valued form. Explicitly, 

(11) ^" ^vt'[ j° + n'^ j° + n'^ jO , 

where n'^, a = 1, 2, 3 are 2-forms. li (,,V & I^''", then the 2-forms n'^, a = 1, 2, 3, 
are given by 

1 S'r 

(12) f2'^(i?(0,i?(^)) = :^Po.{X,Y) = ~T g{X,J^Y), 

In onyn + 2) 
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where X ~ 'u(C), Y ~ "(77) (see [1]). 

For each u G P{M) we consider two Hnear isomorphism j^{u) and j^{u) on 
T^{u)M defined by: 

j+iu) = uJ°u-\ riu) ^ u4u-\ 

It is easy to see that 

{r{u)f = -id, {j+{u)f^id 

and 

g{j-{u)X,r{u)Y)^9{X,Y), gij + iu)X,j + {u)Y) = ~giX,Y), 
for aUX,y eT^i^u)M. 

As in [1 , for each p e Af we consider 

Zp±(M) = {j^{u)\u e P(M),^(«) = p} 

and we define the twistor space Z^ of M and the reflector space Z^ of M, by 
setting 

Z± = Z±(A/) = U Z±(Af). 

pGM 

Then the twistor space Z^{M) is the unit pseudo-sphere bundle with fibre the 
2-sheeted hyperbofoid S'i(— 1) = {{x,y,z) g R^|a;^ + 2/^-z^ = -1} and the reflector 
space Z+ ( Af ) is the unit pseudo-sphere bundle with fibre the 1-sheeted hyperboloid 

We denote by A* (resp. i?(^)) the fundamental vector field (resp. the standard 
horizontal vector field) on P(M), the principal frame bundle of Af, corresponding 
to A 6 gl(n,]i)©sp(l,R) (resp. ^ e R"*"). Let u G P{M) and Q„ be the horizontal 
subspace of the tangent space T„P(Af ) induced by the connection V on M (see 
[19]). As in [1] we have the decompositions 

T„P(Af) = ih,)l © (to,): ® g„, i = 1,3 

and the following isomorphisms 

where 

/i3 = {A G gl(n,i) ® sp(l,R)|AJ3" = 4 A}, 

/ii = {A G gl(n,i) ® sp(l,R)|AJ° = J? A}, 

(13) TO3 = {.4 G gl(n,H) ® sp(l,M)|AJ^ = -^3-4} = SpanjJi", J2"}, 

(14) TOi = {A G gl(n, H) ® sp(l, R)\AJ^ = -^1°^} = Span{ J2", 4), 
and 

{h,)i = {a:ia g /ij, (to,): = {4:1^ e "^a, » = 1,3. 

Now, we can define two almost complex structures /i and I2 on Z^ by (see [1]) 

(15) /2(J7.A*) = -j^MAT 

W:uBm=3*uB{40. * = 1,2, 

for u G P(Af), A G mg, ^ G M"*". 
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Similarly, it can be defined two almost paracomplex structures Pi and P2 on Z+ 
by (see [1]) 

PiijtuA*)=jtu{JiAr, 

(16) P2ijtuAn ^ -jW^A)* 

PiijtuBiO) ^ jtuBiJU), * = 1,2, 

for u e P(Af), A 6 mi, ^ G R*". 

We remark that the almost complex structures defined above were also defined 
and investigated in [6] on paraquaternionic Kahler manifolds, the authors proving 
that the almost complex structure I2 is never integrable while /i is always inte- 
grable. Moreover, we note that in T the authors found that the para-complex 
structures P2 is never integrable on reflector space, while Pi is always integrable. 



3. Curvature properties of {Z ,Ii,ht) and {Z^ ,Pi,ht), i = 1,2 on 

PARAQUATERNIONIC KAHLER MANIFOLDS 

Let (M, (T, g) be a 4n-dimensional paraquaternionic Kahler manifold. Since the 
Levi-Civita connection V of g is a paraquaternionic connection on M , it follows 
that all the considerations in the last part of the above sections remain valid if the 
manifold is endowed with a paraquaternionic Kahler structure. Then, as in [H |6l [9] , 
we can define a natural 1-parameter family of pseudo-Riemannian metrics /it, i ^ 0, 
on Z~ by 

(17) ht{j-^A\3-^B{0)=Q. 

for u e P{M), A,Be rn^, £,,V ^ ^'^^ ^-i^d X — u{(,), Y — u{ri), and similarly on 

Z+: 

ht{jtuA*,jLB*)^t{A,B), 

(18) ht{j+^A*,j+^B{O)^0, 

htiJtuB{0,jtuB{v))^9iX,Y), 

for u e P(Af ), A,B e mi, £,, r/ e M"*" and X = u{£,), Y = 1/(77). 

It is easy now to see that (/j, /ij), i = 1, 2 (resp. (P^, /ij), i = 1,2) determine two 
families of almost pseudo-Hermitian structures on Z^ (resp. two families of almost 
para-Hermitian structures on Z~^). 

The computations performed in |24) for the metric twistor space over Riemannian 
manifold M can be adapted in our cases, using ([T5|) and ([T7|) for the twistor space 
and respectively (fT6| and ([78]) for the reflector space. We obtain for the curvature 
tensors K^, where K^ is the curvature tensor on the twistor space and K~^ is the 
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curvature tensor on the reflector space, the following expressions: 

KHjtuA*JtuB*,jtuC*,jtuD*) = ~ti[A,B], [C,D]) 
K^{jtuA*,jtuB*,jtuC*,jtum)) = 
K^UtuA*,jtuB{0,jtuB\jtuB{v)) = Ui^,B],n{B{0,B{7j)){u)) - 
(19) -^e,(i?, n{B{0, B{e,)){u)){A, n{B{rj), i?(eO)(u)) 

K^{jtuB{0,jtuB{v),jtuB{0,jtuA*) ^ U^,B{CUn{B{0,B{Tj)))) 

K^UtuBiO,jtuBiri),jtuB{C),jtuB{r)) = R{u{0 , u{r^) , uiC) , u{t)) - 

-|{(n™^ (i?(7y), BiO)iu), f^™^ (5(0, S(r))H) - 

-(n„^ (S(e), i3(C))(u), a„± {B{tj),B{t)){u)) ~ 

-2(f]™^(i?(e), B{t^)){u), n„^^ (BiO, i?(T))(u))} 

for u G P{M), A,B,C,D G ni±, where m_ = m^, m+ = mi, (^,77, C,t G R^" and 
^m-t denotes the m±-coniponent of fl . 
Using now (ITni)-(|Ill) in ([H]) we derive 

K-{j-^A*,j-^B*,j-,C*,j-,D*) - ^{JlA,B){JlC,D) 

K-{j*uA*,J^uB*,J-uC*,UaB{0) - 
i^- (J™^* , j;-„S(0 , J- S* , J^uBiri)) - 
-^ *^^^' - + ^£TT^)iJlA^B)giJ,X,Y) + ^£l^{A,B)g{X,Y) 



y 64n(n+2)^ ' 8n(n+2) '"^"3 ^ *-' ^ /ly V" J^"- : ^ ; ' 64n(n+2 

(20) if-(j7„i3(0,J™i3W,J™^(C),j7n^*) = 
K-ij-uB{0,KuBiv),j:;uBiO,UuBiT)) = RiX,Y,Z,T) - 

- 64ntni2yA giY, JiZ)g{X, J,T) + 5(y, J2Z)giX, J^T) - 
-giX, .hZ)g{Y, J^T) - g{X, J2Z)g{Y, J2T) - 
-2g{X, JiY)g{Z, JiT) - 2g{X, J2Y)g{Z, J2T)} 

for u G F(M), A,B,C,D G mg, ^,tjX,t S M'^" and m(C) = X, u{tj) = Y, u(C) = 
Z, u(t) = T and 

^+ (ji,^* , jtuB* , J+ C* , j+ i?* ) - ^ ( jO A, i?) ( JOC, D) 
K+{jtuA\jtuB*,jtuC*,jtuBiO) = 
^+ UtuA* , J+ 5(0 , J,+«S* , j+ 5(77)) - 

(21) = (-hiSSf - 8;fey)(^i A^).9(^i^^n - 64Sw(^'^)-9(^'^) 

K+{j+^B{0,J+^B{tj),j+,B{C),j+,A*) = 

^^+(j;+uS(0,J'i.S('/),j;+uS(C),J+ S(t)) = R{X,Y,Z,T) - 

-6I0^{^9{Y, J2Z)g{X, J2T) + .g(r, J3Z).9(X, JgT) + 

+.9(X, J2Z).g(r, J2r) - .g(X, .hZ)g{Y, J^T) + 

+2g{X, J2Y)g{Z, J2T) ~ 2g{X, hY)g{Z, J3T)} 

for u G P{M), A, B,C,D e mi, ^ ??, C, t G M'^" and u{^) = X, u{g) = F, u(C) = 
Z, u{t) = T. 
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We recall now that the *-Ricci tensor of a 2n-diniensional almost pseudo-Hermitian 
manifold (M, g, J) is defined by 

2n 

where R denotes the curvature of the metric g, {i?i, ..., £'2n} is a pseudo-orthonormal 
basis at an arbitrary point p and X, Y are tangent vectors at p. If the *-Ricci tensor 
is scalar multiple of the metric then the manifold is said to be *-Einstein. 

On the other hand, we note that A. Gray introduced in [25] three basic classes 
AHl, AH2, AH3 of almost Hermitian manifolds, whose curvature tensors resemble 
that of a Kahler manifold. They are defined by the following curvature identities: 

AHl : R{X, r, Z, T) = R{X, Y, JZ, JT), 

AH2 : R{X, Y, Z, T) ^ R{JX, JY, Z, T) + R{JX, F, JZ, T) + R{JX, F, Z, JT), 

AH3 : R{X, Y, Z, T) = R{JX, JY, JZ, JT), 

where R is the curvature tensor of the manifold. It is easy to see that 

AHl c AH2 c AH3. 

By analogy, one says that an almost para-Hermitian manifold satisfies the para- 
Gray identities if 

APHl : R{X, Y, Z, T) = -R{X, Y, JZ, JT), 

APH2 : R{X, Y, Z, T) = -R{JX, JY, Z, T) - R{JX, Y, JZ, T) - R{JX, Y, Z, JT), 

APH3 : R{X, Y, Z, T) = R{JX, JY, JZ, JT), 

where R is the curvature tensor of the manifold. We note that para-Gray-like 
identities were considered in [261 [27]) and it can be easily checked that 

APHl c APH2 c APH?,. 

We can give now the main curvature properties of {Z^ ,Ii,ht) and {Z^ ,Pi,ht), 
I = 1, 2, in the following two theorems. 

Theorem 3.1. Let (M, a, g) be a An- dimensional paraquaternionic Kahler manifold 

and {Z^ ,Ii,ht), i = 1,2 the twistor spaces associated. Then: 

(i) The manifolds {Z~ ,Ii,ht), i = 1,2, belong always to AH2 and AH3 and are 

with pseudo-Hermitian Ricci tensor and with pseudo-Hermitian *-Ricci tensor; 

(ii) The manifolds {Z~ , I\,ht) belong to AHl iff Sc = or Sc — -^^ — -; 

(Hi) The manifolds (Z^ , l2,ht) belong to AHl iff Sc — 0; 

(iv) The manifolds {Z^ ,Ii,ht),i = 1,2 are Einstein iff 

4(n + 2) 4(n + 2) 

D c = or ii c = -. — ; 

t {n + l)t 

{v) The manifolds {Z~ , Ii,ht) are *-Einstein iff 

Sc^'±±^orSc^-'±±^; 
t nt 

(vi) The manifolds {Z~ , l2,ht) are *-Einstein iff 

Sc = ^^!i±^[37i - 1 - v/9n2 _ lon + 5] 
(n — l)t 
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or 

Sc = -T—^\3n - 1 + V9n2-10n + 5]. 
[n — l)t 

Proof, (i) This statement follows from (H]), ©, ^^, (dH]) and (HOI) after some long 

but straightforward computations. 

(ii) + (Hi) From (jTS)) and (|20| we obtain 

K-{j-^A*,j-^B*,I,{j-^C*),h{j:;uD*)) = ^(J3°AS)(^3°C^,^) 

(22) /v-07nS(e),j7nS(r7),/.(j-„B(C)),/.(j7„^*)) = 
K-{j-^BiO,j-^BiT^),I,ij-^B{C)),h{j-,B{T))) = R{X,Y,Z,T) - 

- 6intnl2yA 9iY, JiZ)g{X, J,T) + g{Y, .hZ)g{X, J^T) - 

-g{X, JiZ)g{Y., J^T) - g{X., .hZ)g{Y, J2T)} + 

+(4^^ - 64f+2)^ )(g(-^^ ■hY)g{Z, .hT) + g(X, J2y)5(^, J2T)) 

for i = l,2,ei = -1, £2 = +1, ue P{M), A,B,C,D G mg, ^,??,C,t e M''" and 
u{S) = X, u{t]) = Y, u(C) = Z, u{t) = T. Now the conclusion follows from ^ 
and (122]). 

(iv) + (v) + (vi) Using (jSO]) we obtain the following formulas for the Ricci tensors 
p- oiiZ-,ht): 

p-{3ZuA\]-uB*) = [leflf^ + Ta]ht{KuA\j-uB*) 

(23) P~(j7„^*,J™S(0)=0 

p-(.?T„5(0,J™B(^)) = [t- ienini2v Mj-M0,J»Mv)) 

Similarly, from p^ and ((20)) we get *-Ricci tensors p^^ of {Z^ ,Ii,ht), P2^ of 
(^-,/2,/i0: 

Pi {i*uA*-,j„,B*) = ["ig(„+2)^ + 2(n+2) + ;n-]^t (j*«^* ' J*ij-S*) 
P*2 {J*uA*J*uB*) = [l6(„+2)'-i ~ 2(n+2) + Tit ]^t 0'*«^* ' J*^-^*) 

(24) pr(j™^*, j™s(0) = pru^uA^uMO) = 

pr(j™i?(0,J™S(r7)) = [l^]h,{j-^B{0,J-^Bir^)) 

Pri3^uB{0,j:^uB{v)) = [ i6„*ff+2)2 + g^]/i*(j7ui?(e),j7.s(^)) 
Now (iu), (u) and (vi) follows from ((221) and 1^. D 

Theorem 3.2. Let (Af , cr, g) &e a An- dimensional paraquaternionic Kahler manifold 
and (Z^ , Pi,ht), i — 1,2, the reflector spaces associated. Then: 
(j) The manifolds (Z^ , Pi,ht), i — 1,2, belong always to APH2 and APH3 and 
are with para-Hermitian Ricci tensor and with para-Hermitian *-Ricci tensor; 
{ii) The manifolds (2'+, Pi, ht) belong to APHl iff Sc — or Sc — — -^ — -; 
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(in) The manifolds (Z^ , P2,ht) belong to APHl iff Sc = 0; 
(iv) The manifolds (Z^ , Pi,ht),i = 1,2 are Einstein iff 

t {n+l)t 

(v) The manifolds (Z^ , Pi,ht) are *-Einstein iff 



nt 



(vi) The manifolds {Z^ , P2,ht) are *-Einstein iff 

2(n + 2) 



Sc = / \M l - 3n - v/9n2 _ iQn + 5] 
(n — It 



(n - 1) 
or 

Sc = ^^""^^^^ [1 - 3?i + v/9n2-10n + 5]. 
(n — l)t 

Proof, (i) This statement follows from (H]), ©, ([HI), ^ and ^ after some long 

but straightforward computations. 

(ii) + {Hi) From (fTB]) and ([21^ we obtain 

K+{j+uA%j+^B*,P,ij+^C*), P.U+^D*)) = -H'A°A i?)( Ji°C, D) 
K+{]tuA\jtuB\H3tuC*),H]tuB{m = 

if+(j+A*,i+i3(e),^^(j+s*),P.0-+5('7))) = 

(25)- (£. eiSw + ^'^ s^irS) )(^' ^)5(^, y) + e^^S§$T^{4A^ B)g{J,X, Y) 

K+{3tuB{0.jtuB{v).mtuB{C)).mtuA*)) = 
K+{]tuB{^).]tuB{^).P.{jtuB{0),P.{jtuB{T))) - -R{X,Y,Z,T) - 

- 64»fn+2)^ {g(^^ ^2^)5(^, ^2T) - 5(>', Js^)^!^, ^/sT) - 

-g{X, J2Z)g{Y, J2T) + g(X, JzZ)g{Y, J3T)} + 
+(4;i|t2) + ,,llui2r )(-9iX, J2Y)g{Z, J2T) + g(X, hY)g{Z, J,T)) 

for i = l,2,£i = -1, £2 = +1, u G P(M), A,B,C,D e mi, tvX,r G M^" and 
uiO = X, u{r^) = Y, u{C) = Z, u{t) = T. 

Now the conclusion follows from ([21]) and ([25]) . 
{iv) + (w) + (ui) Using ([^T|) we obtain the following formulas for the Ricci tensors 
p+ oi {Z+ ,ht): 

n+(i+ A* 1+ R*\ — f_^ Ll^,('n+ A* o+ R*"! 

P U*u^ iJ*«-D j — [ 16(n+2)2 „tJ'''iU*«^ U*u^ J 

(26) P+(ji.^*,j;+„i3(O) = 

P+(ji.S(C),j+ B(r,)) = [f + ^^^^L^]/i,(j+ S(e),j+ i?(77)). 

Similarly, from ([T6| and ([2T|) we get *-Ricci tensors p^^ of (Z+,Pi, ht) and ^2"*" 
of (Z+,P2,/it): 
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n*+(n+ A* 1+ T^*\ — [ iSc^ Sc , 1 IL ( ■+ A* ,+ T3*\ 

P2 0'*u^*'i*u-S*) = [l6(n+2)^ + 2(n+2) + ^It 1 ^i (i*«^* ' J*«-^* ) 

(27) Pt+a+u^*, Ji,i3(e)) = p;+(j+ A*, J+ 5(0) = 

Pl^ijtuB{0,jtuB{v)) = [-§^]/^*(j+ i?(0,J-+ S(,7)) 

p;+(ji.s(e),j+ i?(77)) = [T6;fg5F - §^]^*(j*'«^(0,ji.s(^))- 

Now (iu), (v) and (wi) follows from ^^ and (gT]). D 

Remark 3.3. We note that the corresponding result of the Theorem 13. II in quater- 
nionic setting was obtained in [55] and the assertions stated at items (iv) in The- 
orems [3?l] and [3?2l were also proved, but using a different method, by Alekseevsky 
and Cortes (compare with [H Corollary 6, page 126]). 

4. Mixed 3-Sasakian structures in a S0(2, 1)-principal bundle over a 

PARAQUATERNIONIC KAHLER MANIFOLD 

Definition 4.1. Let M be a smooth manifold equipped with a triple (tp, ^ry), 
where (/? is a field of endomorphisms of the tangent spaces, ^ is a vector field and 77 
is a 1-form on A/. If we have: 

(28) ^^ = T{-I + r,(^0, ^(0 = 1 

then we say that: 

(z) ((ySj^Jy) is an almost contact structure on M, if r = 1 (|29j). 

(m) {if, ^, rf) is an almost paracontact structure on Af , if t = —1 ( 30j). 

We remark that many authors also include in the above definition the conditions 
that 

</?$ = 0, 77 o (p = 0, 
although these are deducible from (l28l) (see [31]). 

Definition 4.2. [T3] A mixed 3-structure on a smooth manifold M is a triple of 
structures {ipaiCaiVa), Oi G {1,2,3}, which are almost paracontact structures for 
a = 1, 2 and almost contact structure for a = 3, satisfying the following conditions: 

(29) ^a(^;3)=0, 

(30) Va{ifi) = Tpi^, ^fi{ia) = -Ta.i-1-, 

(31) r]a°Vl3 = -Vl3 °Va^ T^V-y , 

(32) ^a^l3 - Tar]p 0^0 = -ifip^a + Tjirja ® ^0 = T^f^y , 

where (a, /3, 7) is an even permutation of (1, 2, 3) and ti = T2 = — T3 = —1. 

Moreover, if a manifold M with a mixed 3-structure (VaiCa, '7q)q.=i~3 admits a 
semi-Riemannian metric g such that: 

(33) giip^X,ipo.Y) = r„[5(X,y) -e,77,(X)r,„(r)], 

for all AT, y G r(rAf ) and a = 1, 2, 3, where £a = g{£,a, ^a) — ±1, then we say that 
M has a metric mixed 3-structure and g is called a compatible metric. 
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Remark 4.3. From p3|) we obtain 

(34) r,^{X) = e^g{X,Cc.), g{^aX,Y) = -giX,^^Y) 
for all X,Y e r{TM) and a = 1, 2, 3. 

Note that if {M, {}pa, £,a, Va)a=T3^ 9) ^^ ^ manifold with a metric mixed 3-structure 
then from ([M)) it follows 

ff(6,ei) = 5(6,6) = -ff(6,6)- 

Hence the vector fields f 1 and ^2 are both either space-like or time-like and these 
force the causal character of the third vector field ^3 . We may therefore distinguish 
between positive and negative metric mixed 3-structures, according as ^1 and ^2 
are both space-like, or both time-like vector fields. Because one can check that, 
at each point of M, there always exists a pseudo-orthonormal frame field given 
by {{Ei,LpiEi,tf2Ei,(f'iEi)^^Yy^^S^i^^2,£,z} we conclude that the dimension of the 
manifold is 4ri -I- 3 and the signature of g is {2n -I- 1, 2n -I- 2), where we put first the 
minus signs, if the metric mixed 3-structure is positive {i.e. £1 = £2 = ^£3 = 1), 
or the signature of g is (2n + 2, 2ri + 1), if the metric mixed 3-structure is negative 
{i.e. El =£2 = -£3 = -1). 

Definition 4.4. [T3] Let Af be a manifold endowed with a (positive/negative) 
metric mixed 3-structure {{faTiaiTla)a=Td.T9)- This structure is said to be: 

(i) a (positive/negative) metric mixed 3-contact structure if drj^ = $«, for 
each a e {1,2,3}, where $„ is the fundamental 2-form defined by ^a{X,Y) := 

9{X,ipaY). 

{a) a (positive/negative) m,ixed 3-K-contact structure if {{^3,^3,r]3), g) is a K- 
contact structure and {{ipi,£,i,r]i),g), {{(p2,^2,V2),9) are para-K-contact structures, 
i.e. V^Q — —Ea^a, for each a G {1, 2, 3}, where V is Levi-Civita connection of g. 

{Hi) a (positive/negative) mixed 3-Sasakian structure if ((^3, ^3, rjs, g) is a Sasakian 
structure and {ipi,^i,r]i,g), {ip2,^2,r/2,g) are para-Sasakian structures, i.e. 

(35) {VxVo.)Y = T^[g{X,Y)^^ - ec.j^c.{Y)X] 
for ah X,Y e T{TM) and a £ {1, 2, 3}. 

Remark 4.5. Note that in fact mixed metric 3-contact, mixed 3-K-contact and 
mixed 3-Sasakian structures define the same class of manifolds, as proved in [13j . 
Moreover, like their Riemannian counterparts, mixed 3-Sasakian structures are Ein- 
stein, but now the scalar curvature can be either positive or negative: 

Theorem 4.6. |13il32| Any {4n + S) — dimensional manifold endowed with a mixed 
3-Sasakian structure is an Einstein space with Einstein constant X = {An + 2)e, 
with £ = ^1, according as the metric mixed 3-structure is positive or negative, 
respectively. 

Remark 4.7. Several examples of manifolds endowed with mixed 3-Sasakian struc- 
tures can be found in [33]. We note that the unit pseudo-sphere 52^'+! C K2n+2 is 
the canonical example of manifold with negative mixed 3-Sasakian structure, while 
the pseudo-hyperbolic space -ff2n+i ^ R2n+2 can be endowed with a canonical 
positive mixed 3-Sasakian structure. 

Let (Af , a, g) be a paraquaternionic Kahler manifold and let P be the bundle 
associated with (Af, ct, 5). That is, P is the bundle whose transition functions and 
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structure group are the same as a, but whose fibre is S0(2,l). The Lie algebra 
of S0(2, 1) is so(2, 1) and we consider two of its bases: B+ = {61,62,63} and 
B^ — {-61, —62, —63}, where 

/000\ /002\ /0-2 

61 -0 2, 62 -0 0, 63 -2 

\020/ \200/ \000 

It can be easily verified that 

(36) [61,62] =263, [62,63] = -261, [63,61] = -262, 

and 

(37) [-61, -62] = -2(-63), [-62, -63] = 2(-6i), [-63, -61] = 2(-62). 

On the other hand, their exp are 

1 

exp(f6i) = ( cosh2i sinh2t 
sinh2t cosh2i 

cosh2t sinh2t 
exp(te2) = I 1 

sinh2t cosh2i 

cos2t — sin2i 

exp(t62) = I sin2t cos2t 

1 

Then, with respect to the basis S"*", we have 

/000\ /00-2\ 

ad(6i) =0 2 , ad(62) =000, ad(e3) 

\020/ \-2 00/ 

and with respect to the basis ;B~, we have 

/000\ /002\ /0-2 

ad(-6i) = 0-2 ,ad(-62)= ,ad(-e3)= 2 

\0-2 0/ \200/ \000 

For each neighborhood U of (A/, ct, 5), we define a so(2, l)-valued 1-form on U 

by 

3 

(38) uju = y^c^jej. 

From ([3]) and ([38|) we obtain that ox\U V\U' we have 

ujjj,{X) = ad(5y^,) • ujjj{X) + {Svv').{X) ■ S^]j. 

for all vector fields X on P, where {Sijjj')* denotes the differential of the mapping 
Sujji : [/ n [/' — > S0(2, 1). Therefore there exists a connection form w on P such 
that 

V'*a; = ujjj, 
where "0 is a certain local cross-section of P over \J . 
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The curvature form fl defined by the connection w is a so(2, l)-valued 2-form 
given by 

n{X, Y) = du{X, Y) + ^[u{X),u:{Y)] 

for aU vector fields X, Y on P. Hence, using ([55)) we derive: 

-0*J7 = {dioi — UJ2 /\ 1^3)61 + {duj2 — 0^3 A uJi)e2 + {duj^ + uji A 1^2)^3- 

Theorem 4.8. The principal bundle P associated with a paraquaternionic Kdhler 
manifold (A/, a, g) of non-zero scalar curvature can be endowed with both a positive 
and a negative mixed 3-Sasakian structure. 

3 
Proof. If bJij = y ujiCi is the infinitesimal connection in P considered above, then 

we can define a semi-Riemannian metric g on P by 

3 

(39) g = t/7r*5 + ^£iWi (gJWj, 

i=l 

where i' is the reduced scalar curvature of M and (ei, £2, £3) = (—1, —1, 1) (Case I) 
or (£1,62, £3) = (1, 1,-1) (Case II). 

We remark that unlike quaternionic setting (see jl7]). the signature of 5 does not 
depend on the sign of the scalar curvature. In fact, the signature is (2n + 2, 2?t. + 1) 
in the Case I and (2n + 1, 2n + 2) in the Case II. 

Firstly, we consider the Case I. We define the 1-forms rja = LUa for a — 1,2,3, 
and let ^1, ^2, £,3 be the fundamental vector fields corresponding to ei, 62, 63, 
respectively. Then from (j36|) we deduce 

Ki,6] = 2e3, [6,6] = -2a, [6,6] = "26 

and 

(40) ^^(^p) = S^p, a,/3 = 1,2,3. 
If V is the Levi-Civita connection of g, then we define 

(41) ipa = -£aV6, a = 1, 2, 3. 

Next we prove that (((/Jq, 6, '?a)a=Tl3, d) ^^ ^ negative mixed 3-Sasakian structure 
on P. 

If p G P, then we denote by T^ {P) the tangent space of a fibre at p and by 
T^{P) its orthogonal complemented space in TpP. Using now (|4ip and Koszul 
formula, we derive 

(42) <^a(6) = 0, ¥?q(6) = 'r/36, W(6) = -Ta6- 

From (|^ it follows that Tp{P) and T^{P) are invariant under the action of 
(pa, a = 1, 2, 3. Therefore we have: 

(43) ipa ^ ifa + Tprjp (?) 6 - '^iVi ® il3 

for any even permutation (q;,/3,7) of (1,2,3), where ip^ denotes the restricted 
actions of Lpa on T^{P), for a = 1,2, 3. 

Now, from the structure equations ^ , we obtain for each neighborhood U in M 
and a local cross section tp : U ^>- P the following relation 

(duja +TaUJp A W^) (l/'*^, V'*^^) = TaVg{JaX,Y), 
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for any even permutation (a, /3,7) of (1,2,3), where ^* denotes the differential of 
ip. Since the curvature form is horizontal, we have 

so we derive 

(44) (Pa{'fp*X) = {i^^JcX)" + Tprip[iP^X)£^^ - T^r]^{iP^X)ip. 
Using now ©, (gOl) and (gj) we obtain 

^a{'^*X) = ipalilp^JaX)" +Ti3T]p{ll)^X)S,j-T^-q^{l})^X)£_i3\ 
= {'^*JIX)" - T^T^T]^{lp^X)£,^ - T^T^l],3{lp^X)£,p 
= -Ta{i>*X)" - Tl3Try['q^{lj:^X)S,^ + 77^(l/'*X)^,3] 

and since TaTpTj = 1, we deduce 

V'M*X) = -T^[{i^.Xf + 7j^{i;,X)^^ + ijp{i;,X)^p] 

(45) = -T^li'.X ^ rj^{^,X)U- 

From (Uni) and (|15|) we conclude that ((/Si , ^i , ?7i) and (¥52, ^2, ??2) are almost para- 
contact structures on P, while (<P3, •Cs: %) is an almost contact structure on P. Now 
we are able to prove the compatibility conditions between these structures. 

Using again (g]), (gOl) and dM]) we obtain 

ipa(Pl3ii>*X) == ^a[i4'*JpX)" +T-f7]-f{^|J^X)^a-Tar|a{^p*X)^-^] 

= {^J^JaJpX)" + TaT-f7]a{ij*X)^j3 

= T-,[{ij,J-,X)" + TaT]a{i^*X)^p] 

= T-f[(p^{llj^X) + Tj3r]fj{llj^X)^a] 

and taking into account that TaTpTj — 1, we deduce 

(Pa'Ppi^*X) = T^ipj{lp*X) + Ta[lp^X)^a- 

Similarly we find 

ipp'Pai'^^X) = -T^Lp^{'4!^X) + Tp[lp^X)(^j3. 

and so the compatibility condition (15^ is verified. Analogously we find that the 
compatibility condition (1311) is checked. Moreover, from pO)) and (|42)) we have that 
([29)1 and ([301) are also true. 

On the other hand, using (I39p and (IHj) we derive 

g{(pai'*X, (pai>*Y) = ug{JaX, JaY) + £,377^ (V'*X)77^(V'*F) + Sjr]p{il^^X)r]p{ip^Y) 
= Ta[i'g{X,Y) + efi7ji3{ip*X)r]fi{ip^Y) + ejr]^{ip^X)r]^{ip^Y)] 
= Ta[gi^p*X,^p^Y) - ear]aiip*X)riai7p*Y)]. 

Hence the metric g is compatible with {ipa, $q, T]a), for a — 1,2, 3. 

Therefore, taking account of (|4T|l . we deduce that ((<y3Q,^a,?7a)a=ri3,ff) is a neg- 
ative mixed 3-K-contact structure in P, and so, via Remark l4.5[ is a negative mixed 
3-Sasakian structure in P. 

In the Case II, we consider £^[, £^'2, ^3 to be the fundamental vector fields corre- 
sponding to — ei, —62, —63, respectively, and we define 

for a — 1,2, 3. Then, it can be proved similarly as in Case I that {{f'ajCaTVDa^TS^ 9) 
is a positive mixed 3-Sasakian structure in P. D 
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Remark 4.9. We note that in [34 , the authors mvestigated the possible projectabil- 
ity onto paraquaternionic structures of metric mixed 3-contact structures defined 
on the total space of a G-principal bundle. In fact they proved that if P{M, G, tt) 
is a G-principal bundle, where the total space P is endowed with a metric mixed 
3-contact structure {{y^on^a,'>]a)a=T3^ d)^ G is a Lie group acting on the right on 
P by isometrics having Lie algebra isomorphic to so(2, 1) and such that the vec- 
tor fields ^1,^2,^3 are fundamental vector fields, then the metric mixed 3-contact 
structure projects via tt onto a paraquaternionic Kahler structure {a, h) on the base 
space M and tt : {P, g) — >■ (Af , h) is a pseudo-Riemannian submersion. Moreover, if 
the dimension of P is (An + 3), then one has 

(46) /^ = eA{n + 2)h 

were p^^ denotes the Ricci curvature tensor of M and e = =Fl, according as the 
mixed 3-structure is positive or negative. 

Let now X, Y and C/, V be basic and vertical vector fields throughout. The metric 
g splits up as 

g{E, F) = g{X + U,Y + V)^ g{X, Y) + g{U, V), 

where E — X + U,F — Y + V are vector fields on P. Then the canonical variation 
of the metric g for i > 0, is a pseudo-Riemannian metric gt on P defined by (see 

m) 

(47) gtiX + U,Y + V)= g{X, Y) + tg{U, V). 

Similarly as in the Riemannian case [36,. it can be proved that the curvature 
tensor Rt of the canonical variation gt satisfies 

(48) Rt{E,F,G,H) ^tR{E,F,G,H) + {l-t)R'^{X^,Y^,Z^,Zl) + 

+t{l - t){g{SEH, SfG) - giSeG, SpH)) 

where E, F, G, H are vector fields on P, X*, Y^,.Z^,, Z'^ are the corresponding vector 
fields on M of the basic vector fields X, y, Z, Z' and SeF = TuV + AxV + AyU, 
E = X + U,F = Y + V,G = Z + W,H = Z' + W',T&ndA being the O'Neill 
tensors of the submersion (see [37]). In this setting, we can state now the following 

Theorem 4.10. Ifn : (P, {'fia,S.a,'na)a=T3T d) ~^ iM,<J,h) is a pseudo-Riemannian 
submersion as in the previous remark, then there exist a unique positive t ^ \ such 
that gt is also Einstein. 

Proof. We denote by R the curvature tensor of manifold P and by p, p^^ the Ricci 
curvature tensor of manifold P, respectively M . Using (l34l) and (|35|) we obtain 
that 

(49) R{E,F)^a. ^ Tc,{tjo.{F)E - r,o,{E)F), a = 1,2, 3, 

where E, F are vector fields on P. 

Now using (|47)) . (l48t . p9)) and the definitions of mixed 3-Sasakian and paraquater- 
nionic Kahler structures we obtain that the components of the Ricci tensor pt of 
the canonical variation gt are given by 

pt{U,V) = tp{U,V) + {-'inet^ + {4ne + 2e)t-2e}g{U,V), 

PtiU,X) = tp{U,X), 

Pt{X,Y) - tp{X,Y) + {l-t)p^'{X,,Y,), 
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where X, Y and U, V are basic and vertical vector fields on P, X,, F* are the vector 
fields on M corresponding to the basic vector fields X,Y, e — =Fl according as the 
metric mixed 3-structure is positive or negative, respectively. 
From Theorem 12. 1[ Theorem 14.61 and (l46l) we derive 



(50) 



Now, from ([50|) we deduce easily that gt is Einstein if and only if i = 1 or 



Pt{U,V) -- 


= {-4net2 + (8ne + 4e)f-2e}5(C/,y), 


Pt{U,X) . 


= 0, 


Pt{X,Y) -- 


= {-6£i + 4ne + 8e}5(X,r), 



and the conclusion follows. 



2n+5 
2n 

D 
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